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COMMON FIXED POINT THEOREMS IN 2-METRIC SPACE
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The object of this paper is to prove a fixed point theorem of Singh and Meade type (1977) in 2-metric space.

Key words: Fixed point theorems, Housdroffmetric, 2-Metric space.

Introduction

Gahler (1963) has introduced the motion of a 2-metric space
as follows:

A 2-metric space is a non empty set X together with a real
valued function d on X x X x X satisfies the following
properties:

(i) For two distinct points x, y in X, there exists a point z in X

such that d(x, y, z) ;f. O.

(ii) d(x, y, z) = 0 if at least two of x, y, z are equal.

(iii) d(x, y, z) = d(x, z, y) = d(y, z, x)

(iv) d(x, y, z):5: d(x, y, u) + d(x, u, z) + d(u, y, z) for all x, y, z,

uinX.

Definition 1.1: sequence {x} in a 2-metric space (X, d) is
said to be Cauchy sequence iflimm.n ...•ee d(xm, xn' z) = 0 for all
zinX.

Definition 1.2. A 2-metric space (X, d) is said to be complete
if every Cauchy sequence in X is convergent.

Lemma 1./. (Cho etal1988)Forevery i.j, kE N, d(xj, Xj'xk)

= 0 where {x} is the sequence in X defined in the proof of the
theorem.

Results and Discussion
Throughout this paper (X, d) stands for a complete 2-metric
space. Further, <I>is the set of functions <I>. (R+)5 ~ W, which
are upper semi-continuous from the right and non-decreasing
in each coordinate variable such that <I>(t,t, t, at, bt) < t for each
t> 0 and a > 0, b :::::0 with a + b :5:2.

In this note we extend result of Singh and Meade (1977) for 2-
metric space. We prove the following:

Theorem 1. Let (X, d) be a complete 2-metric space and let S
and T be self mapping of X. Suppose there exists a <I>E <I>such
that for all x, y, a E X, d(Sx, Ty, a):5: <I>[d(x,y, a), d(x, Sx, a),
d(y, Ty, a), d(x, Ty, a), d(y, Sx, a)]. ... (2.1) holds, then there

/

exists a z E X such that z is a unique common fixed point of
Sand T.

Proof Let x E X be any point. Then define a sequence of
iterates {x}. First choose a point XI in XI = Sx' Then choose
a point x2 in X2 = Tx, and so on. In general choose a point
X2n.1in X2n.1= SX2n.2and a point x2n in X2n = TX2n.1for n =
1,2,3, Put V n = d(Xn, Xn+l, a). We shall prove that {V,,} is
a decreasing sequence.

IfV2n+, > V2n then by (2.1) we have

V2n+1= d(X2n+1' X2n+2,a) = d(Sx2n, Tx2n+l, a).

:5:<I>[d(x2n. x2n+1'a), d(x2n, Sx2n, a), d(x2n+
"

Tx2n+l, a), d(x2n, Tx2n+l, a), d(x2n+
"

Sx2n,.a)]

:5:<I>(V2n, V2n, V2n+I' V2n + V2n+l,0).

< V2n+1as V2n+1> 2n.

giving a contradiction.

Hence V 2n+1< V 2n' Similarly we can show that V 2n+2< V 2n+1
Thus {Vn} is a decreasing sequence.

Now since

it follows by induction that

'l'(t) = max {<I>(t,t, t, 2t, 0), <I>(t,t, t, 0, 2t)}

Then by a lemma of Matkowsk (1977) we have

lim n ...•~ Vn = 0 (2.2)
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We now show that {x} is a Cauchy sequence. For this, it
suffices to prove that {x2J is a Cauchy sequence.
Suppose that {x2n} is not a Cauchy sequence. Then there is an
E >0 such that for each even integer2k, there are even integers
2m(k) > 2n(k) > 2k such that

d(X2m(k)' X2n(k)'a) > E (2.3)

By the well ordering principle, for each even integer 2k, let
2m(k) be the least even integer exceeding 2n(~) satisfying
(2.3). That is to say that

d(X2n(k)' X2m(k).2a) ~ E and (2.3) holds (2.4)

Now

E < d(X2n(kf X2m(k)'a) ~ d(X2n(k)' X2m(k).2'a) + V2m(k).2+ V2n(k).1
(using lemma 1.1)

Then by (2.3) and (2.4) it follows that

limH~ d(X2n(k)' X211l(k)'a) = E (2.5)

Also by thetriangle inequality and using lemma 1.1 we have

.ld(X2n(k)' X2m(k)_I'a) - d(X2n(k)' X2m(k)'a) I ~ V2m(k)_1

and

Id(X2n(k)+I'X~m(k).I'a) - d(X2n(k)' X2m(k)'a) I ~ V2m(k)_1+ V2n(k)

Using (2.5) we get

o
d(X2n(k)' X2m(k)_1'a) ~ E

and

d(X2n(k)+1'X2m(k)_I'a) ~ E

But by the hypothesis (2.1) one gets

d(X21\(k)' X211l(k)'a) ~ d(2n(k)' X2n(k)+1' a) + d(X21\(k)+I'X2m(k)' a) +

d(X2n(k)+1'X2m(k)'a) + d(X2n(k)' x2m(k), ~n(k)+I)

The last term will be zero by lemma 1.1

= d(X2n(k)' X2n(k)+1'a) + d(X2n(k)+I' X2m(k)'a)

~ V 2n(k)+ d(SX2n(k)' TX211l(k)_I'a),
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s V2n(k)+ <P[d(X2n(k)'X2m(k).I'a) d(x2n(k)Sx2n(k)' a)

d(X2m(k)_1'TX2m(k)_1'a), d(X2n(k)' TX2m(k)_I'a), d(X2m(k)_1'SX2n(k)' a)]

~ V 2n(k)+ <p[d (X2n(k)'X2m(k)_I'a), V 2n(k)'V 2n(k).I'

d(X21\(k)'X2m(kfa), d(X2m(k)_I'X2n(k)+I'a)]

As <pis upper semi continuous from the right, we obtain

~ <P(E , 0, 0, E ,E ) < E, when k ~ 00,

which is a contradiction. Thus {xn} is a Cauchy sequence. By
the completeness of X, {xJ converges to a point z E X.

Now

d(z, Sz, a) ~ d(z, x2n' a) + d(z, Sz, x2) + d(Sz, Tx2n_l, a)

~ d(z, x2n' a) + d(z, Sz, x2n) + <P[d(z, X2n.I' a), d(z, Sz, a), d(x2n_

I' Tx2n_l, a), d(z, Tx2n_l, a), d(x2n_!' Sz, a)]

~ d(z, Sz, x2,,) + d(z, x2n' a) + <P[d(z, x2n_!' a), d(z, Sz, a), V2n_l,

d(z, X2n_I'a) + d(X2n.l, Tx2n_l, a) + d(z, Tx2n_l, x2n) d(X2n_l, Sz, a)]

Letting n tending to 00, we obtain

d(z, Sz, a) ~ <P(O, d(z, Sz, a), 0, 0, d(z, Sz, a)

By the property of <p,we get d(z, Sz, a) =0. Similarly, it can be
shown that d(z, Tz, a) ~ O. Thus z E Sz 11 Tz. This completes
the proof.

Remark J. Taking to be continuous function for metric space
we get a slightly revised version of the result of Husain and
Sehgal (1975) as a corollary.
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